Multiples from seafloor scatterers and peg-leg multiples in complex geology are often resistant to conventional multiple removal techniques such as Radon demultiple. They have a complicated moveout behaviour in prestack gathers which can only be approximately represented by a conventional parabolic or hyperbolic Radon decomposition. Such multiples split into pairs of events, one for each of the shot or receiver side of the multiple. They are approximately parabolic after NMO correction with primary velocities but have their minimum travel times shifted to either side of zero-offset.
Introduction -description of the problem
Figure 1(a) shows a portion of stack data from a North Sea survey. The waterbottom arrival is the event at 0.5 s and the first-order multiple of the water-bottom is at approximately 1.0s. A scatterer on the water-bottom produces the event that is dipping from left to right just below the water-bottom. What appears to be a multiple of the scatterer sits just below the water-bottom multiple, cutting across events from left to right.
Figure 1(b) shows the result of applying prestack multiple removal on these data using a high-resolution parabolic Radon transform (Hargreaves & Cooper, 2001 ). The flat portion of the water-bottom multiple and other multiples (e.g. the event at just above 1.2s) are reasonably well suppressed. However, the dipping event, which we interpreted as the multiple of the scatterer, remains relatively untouched.
We can obtain some additional insight into these results by looking at the prestack data . Figure 2(a) shows a timewindow from a CDP gather in the region of the scatterer, after moveout correction. The first and second-order multiples of the water-bottom and the multiples of other events are easily identified, in addition to some slightly over-corrected primary events.
There are, however, some other rather unusual events in this gather. Just below the first-order water-bottom multiple there is a curved event which appears to have a minimum travel-time slightly away from zero-offset. There is a similar event slightly below the second-order multiple of the water-bottom. Just below this there is another low velocity event. The moveout of these events is unusual given the generally flat nature of the geology and the relatively uncomplicated moveout behaviour of the other events in these gathers. 
Kinematics of multiple scatterers
Figures 3(a) and 3(b) shows a simple model of the multiple generated by a scatterer located on a flat sea floor. Two versions of the model are shown, one overlaid with ray-paths for the source-side multiple of the scatterer and the other overlaid with the raypaths for the receiver-side multiple.
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Each of the multiple paths are different and have different arrival times. Inspection of the ray-paths shows that for a fixed receiver position the minimum travel-time for the sourceside multiple occurs when the source is vertically above the scatterer. Similarly the minimum travel-time for the receiver given a fixed source is when the receiver is vertically above the scatterer. For a fixed mid-point away from the scatterer location the minimum travel-time for each multiple arrival is at a positive offset for the source-side multiple and at a negative offset for the receiver-side multiple. These effects are shown in the synthetic CDP gather of figure 3(c) (which is displayed after NMO correction with a nominal primary moveout velocity). The scatterer generates two "split multiples" with their minimum travel time symmetrically placed around zero offset. ) show raypaths for the multiple of a scatterer located on the sea floor between a source and receiver. The scatterer generates multiple arrivals at different times for either the shot or receiver-side multiple bounce. The two "split multiple"arrivals are shown in the synthetic CDP gather in (c) after primary moveout correction.
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It is possible to show that there is an analogous splitting and generation of symmetric events around zero-offset for multiples generated from a dipping horizon (verWest 2002) . For even moderate departures from flat geology the multiple exhibits a complex behaviour that is similar to behavour of the multiple from a scatterer.
We can now understand the origin of the anomalous events that we observed in Figure 2 (a). The curved event just below the first-order water-bottom multiple is the first-order multiple of the scatterer. The two events beneath the second-order multiple of the waterbottom are probably the two legs of the second-order "split multiple" of the scatterer.
We can also appreciate why the conventional Radon transform approach is unable to suppress these events. They depart from the standard parabolic or hyperbolic assumption of a conventional Radon transform and will be poorly modeled and only partially suppressed at best by that approach. Figure 2(b) shows in fact that the highresolution Radon multiple model generated for the input gathers of Figure 2 (a) only partly represents these events.
Although not shown, if we were to apply 2D surfacerelated multiple modeling to these data we would find that it too would fail to adequately represent them. The multiple scattering is inherently a 3D effect. 3D surface-related modeling is required to accurately model these features when the scatterer is not directly beneath the sail-line, as is generally the situation.
Extending the Parabolic Radon Model
Multiples that are moveout corrected with hyperbolic NMO using primary velocities are in reality neither parabolic or hyperbolic. However they can often be adequately represented by a parabolic Radon transform providing energy is allowed to spread over some region of the model space. If the multiple and primary remain sufficiently well separated it is still possible to use the transform for multiple suppression.
The detailed kinematics of the multiple scatterer are complex, but as a first approximation we can represent the events in the NMO-corrected synthetic gather of Figure  3 (c) by parabolas with their minimum traveltime positioned away from zero offset. This idea was initially proposed by verWest (2002) for suppression of peg-leg multiples in complex geology. We propose to extend the Radon model by including complementary pairs of events with traveltimes t = τ + q (h -α) 2 and t = τ + q (h-α) 2 , where q is the parabolic curvature, h is the offset, α is the parabolic apex-shift and τ is the time at the apex. Since we use α to represent the offset shifts we could call this an "α-Radon" transform.
The computation of this extended Radon transform is generally a severely underdetermined problem for the range of curvatures and shifts found in seismic data and the transform sampling requirements along the q and α axes. The transform has many more curvatures and offsets than there are traces in the seismic gather. To overcome this the transform must be computed by a regularized least-squares inversion, in a similar manner to the high-resolution Radon transform. This results in a large and somewhat costly nonlinear inversion over the 3D (τ,q,α) space of the transform.
The regularization in the inversion is equivalent to adding terms along the diagonal of the transform matrix that are inversely proportional to the amplitude of each unknown model component. Physically we might describe this as like damping the solution using "colored noise" where the noise is strong when the model component is small. The larger components of the solution will tend to increase in magnitude as the computation progresses, whilst the small will tend to become smaller. The result is to concentrate the energy in the transform towards the higher amplitude areas, with the aim of reducing smearing in the transform and decreasing the overlap between primaries and multiples.
There is as usual a trade-off between the fit of the model to the data and the regularization. A large regularization term can give good separation between primary and multiple but at the risk of a poor fit to the data. A small regularization term may provide less separation between the primary and multiple but with a better data fit.
If we were to represent the data by apex-shifted hyperbolae rather than parabolae then there is an interesting analogy between this form of the Radon transform and a diffraction stack. Trad (2002) has shown that the transform can then be implemented efficiently by an approach that is analogous to a Stolt(1978) mapping.
Application
Figure 1(c) shows the result of multiple removal for the data in Figure 1 (a) using an apex-shifted Radon transform. Much of the multiple of the scatterer has been removed, although there is still a faint shadow of energy from the multiple. This indicates that there was some overlap between the primary and multiple energy in the transform space. Increasing the constraints on the inversion could have reduced this, but if the model fit to the data is reduced this could lead to a poorer result. 
